1. Introduction.-The traditional method of treating wave propagation problems when the disturbance is due to a sudden application of a localized source is first to obtain a solution for a source varying periodically with time and then to generalize it for an impulsive source through a Fourier synthesis. This program was carried out in full in the particular case of the long-range propagation of explosive sound in a layered liquid medium1 and was subsequently extended by Press and Ewing2 to the case of an elastic half-space overlain by a liquid layer. A great many features predicted by this theory were confirmed quantitatively in the original experiments conducted by Ewing and Worzel on the propagation of explosive sound in shallow water, as well as subsequently in Dobrin's analysis4 of the sound waves produced by the Bikini tests of 1946. Further confirmation of the theory has come forth from laboratory model experiments.5
However, this so-called "normal mode theory" is suited to represent the explosive sound field only at great ranges. Close to the source, the normal mode theory has to be replaced by a "ray theory," based on the wave equation.6 The development of an exact "ray theory" has been retarded because of mathematical difficulties, the principal snag being met in effecting the inversion of the integral equation p J e-P'W(t, r, H) dt = P cJ0 (J ± rx) f(x)e-(P/c)H1X2 + a2 x dx. (1)
Here p denotes the operation (6/1t), c denotes a characteristic velocity of propagation of the medium, r is the horizontal distance in cylindrical co-ordinates, H denotes the depth of the source or of one of its images, Jo is the Bessel function of order zero, f(x) is given, and W is to be determined.
The integral equation (1) is of common occurrence in a variety of impulsive wave propagation problems. Some of these, which arose in connection with researches of the writer and his co-workers, are listed below (this list is not meant to be exhaustive): (1) the propagation of a seismic surface pulse in a uniform elastic half-space,7 (2) propagation of a buried seismic pulse in a uniform elastic half-space,8 (3) theory of the "refracted" wave in seismology, (4) the " ray" theory of propagation of explosive sound in a layered liquid half-space, and (5) propagation of an electromagnetic pulse from an antenna situated near a nonconducting ground.
A common feature of these problems is that the media in which the disturbance propagates are doubly or multiply refracting. Thus in cases 1 and 2 we have different velocities of propagation for the compressional and shear waves in the elastic medium, while in case 3, for two differing elastic media, four characteristic velocities are involved. In case 4 we deal with the two sound velocities, one in the surface liquid layer and another in the liquid half-space below it; in case 5 439 the electromagnetic velocities ill the air and in the dielectric ground arc different.
Each velocity ci enters the function f(x) in equation (1) A general method of solving the integral equation (1) applicable to the above circumstances was recently given by the author9 in connection with the seismicburied-source problem. Since the analysis is rather involved, it was thought that it would be useful to have a summary prepared of the results, in order to facilitate their application to related wave propagation problems, such as those listed above. This we shall do in the next section for the particular case when the medium is doubly refracting.
2. Inversion of the Integral Equation.
-Let the medium in which the disturbance is propagated have only two characteristic wave velocities, and let their ratio be given by X/a. The function f(x) in equation (1) will in our application be of the form
where R1 denotes a rational function of its arguments. The radicals are made single valued by cutting up the complex x-plane by branch lines, according to the convention shown in Figure 1 . We further assume that f(x) has no poles in the taken along an arc of a circle in the first quadrant of the x-plane vanishes as the radius of the circle tends to a. It is found that the nature of the solution differs in the case (I) when X > a from the case (II) when X < a. The physical significance of case I is that in it the initial disturbance propagates with the higher of the two characteristic wave velocities of the medium. Case I corresponds, for example, to a dilatational source in a uniform elastic medium, as contrasted to a shear source, or to an explosive source in water lying over a slow-speed bottom, or to an electromagnetic pulse radiated by an antenna which is situated in the air and not in the dielectric. Under these circumstances the wave propagation problem is relatively simple because the phenomenon of total reflection does not occur. In case II total reflection does occur, and this gives rise to diffraction phenomena, of which the most prominent is the so-called "refracted wave" exploited in the "refraction" method of seismic exploration. Even in case II there is, however, a region near the source in which total reflection does not occur, and this condition we shall designate as "case IHa." The solution of equation (1) is similar in cases I and Ila but is quite different in case IIb after total reflection sets in.
We give below the exact solution of the integral equation (1), based on the analysis developed in an earlier paper." The solution has been cast in the form of definite integrals over the fixed range from 0 to 7r/2, in order to facilitate their evaluation with the aid of an electronic computer. Adopting the notation 
we get Case I, X > a:
Case IIa, X < a, r < Hy/V1 -y2:
Case lb, X < a, r > H/1- (14) The physical significance of 0* is that it defines the time of arrival of the "refracted" wave, i.e., a wave which starts from the source with the slower speed in the direction of a ray corresponding to total reflection and then travels along the interface with the higher characteristic speed. The interval 0* < 0 < 1 corresponds to the time between the arrival of the " refracted" wave and the arrival of the direct slow-speed wave, so that W2 can be taken as the mathematical expression for the shape of the "refracted" wave. An interesting result of this theory is that the amplitude of the wave becomes logarithmically infinite at the time of arrival of the direct slow-speed wave (0 = 1). The direct slow-speed wave is therefore marked by a highly peaked arrival in case Ilb whereas in cases Ila and I it is only marked by a finite discontinuity.
3. Solution of Another Operational Equation.
-In some applications we need to invert the integral equation is subject to the same conditions as were specified above for f(x). This integral equation was also treated in an earlier paper,8 and, again for convenience of applications, we quote the solution here: The expressions for x, V/x2 + a2, and V/X2 + X2 to be used for the arguments of g(x) in equations (20), (21), and (22) are given respectively in equations (10) 
